Abstract. Let G be a semisimple, simply connected algebraic group defined over an algebraically closed field k of positive characteristic p. Assume that p is larger than the Coxeter number of G and that the Lusztig character formula holds for regular restricted dominant weights. In this paper, we introduce two new highest weight categories C reg even and C reg odd , both full subcategories of the category C of rational G-modules. The standard and costandard modules for these categories arise from "reduction mod p" from the quantum enveloping algebra associated to G.
Introduction
Let U ζ be a quantum enveloping algebra (Lusztig form) associated to a finite root system Φ and a pth root of unity ζ. Here, p is a positive prime integer. For each dominant weight λ, let L ζ (λ) be the finite dimensional, irreducible (type 1 and integrable) representation of U ζ of high weight λ. Let k be an algebraically closed field of characteristic p, and let G be the semisimple, simply connected algebraic group over k having root system Φ. By a process of "reduction mod p," the module L ζ (λ) defines rational modules for G. The rational module obtained from a minimal (resp., maximal) lattice (with respect to an appropriate integral form of U ζ over a PID O) is denoted ∆ red (λ) (resp., ∇ red (λ)). These modules were (with a different notation) first defined by Lusztig [10] . The homological properties of the modules ∆ red (λ) and ∇ red (λ) were investigated in [6] (see also [12] ). In that work, the modules played an important role in the authors' efforts (with E. Cline) to attack growth issues on 1-cohomology arising from Guralnick's universal bound conjecture [7] for finite groups.
Let C be the category of rational G-modules; it is a highest weight category in a precise sense [3] . Assume that p > h (the Coxeter number of G). For each regular dominant weight λ, write λ = w · λ − , where λ − belongs to the anti-dominant palcove (the alcove containing −2ρ, ρ being the half-sum of the positive roots) and where w ∈ W p , the affine p-Weyl group. Define the length ℓ(λ) of λ to be the length ℓ(w) of w in the Coxeter group W p . Then let C reg even (resp., C reg odd ) be the full subcategory of C generated by the irreducible rational G-modules L(λ) of high weight λ for λ regular and ℓ(λ) an even integer (resp., odd integer). The main result, proved in Theorem 3.2, shows that, if the Lusztig character formula holds for all restricted, regular dominant weights, then C reg even and C reg odd are highest weight categories with standard objects ∆ red (λ) and costandard objects ∇ red (λ). Given a dominant weight λ, write λ = λ 0 +pλ 1 , where λ 0 is restricted dominant and λ 1 is dominant. Then ∆ red (λ) has an elegant alternative description, due to Z. Lin [9] . Explicitly,
. When p is sufficiently large so that the Lusztig character formula holds for the irreducible modules L(λ 0 ), we have ∆ red (λ) ∼ = ∆ red (λ) ′ . Generally, one naturally asks if the standard modules ∆(λ) have ∆ red -filtrations, i. e., filtrations by Gsubmodules with sections of the form ∆ red (µ). The same question, but using the modules ∆ red (λ) ′ , goes back at least to J. Jantzen [8, § §3.8-12, 5.9] , who answers it positively subject to restrictions on λ; see [1] for some history of this problem. 1 This question remains open, but it is conjectured in [6] to have a positive answer for all dominant weights λ, so long as p > h, and [6, Thm. 6.9] does present a partial result in this direction. We revisit this result in Theorem 4.3 below, providing another proof based on the methods of this paper; see Remark 4.4. Finally, Theorem 4.5 uses the main result again, giving a new description of the modules ∆ red (λ) and ∇ red (λ) for λ regular.
Review of some preliminary notation and results
Let G be a simply connected, semisimple algebraic group over k, defined and split over F p . Fix a maximal split torus T and a Borel subgroup B ⊃ T . Let X = X(T ) (resp., X ∨ = X ∨ (T )) be the character (resp., cocharacter) group on T . There is a natural pairing X × X ∨ → Z, γ, σ → (γ, σ) ∈ Z. We let Φ ⊂ X be the set of roots of T in the Lie algebra g of G, ordered so that the set Φ + of positive roots coincides with the Borel subgroup B + ⊃ T opposite to B = B − . Let Π = {α 1 , . . . , α n } be the simple roots in Φ + , listed as in [2, Appendix] . For convenience, we will assume that Φ is irreducible (so that G is a simple algebraic group).
Let X + = X + (T ) be the set of dominant weights on T ; thus, X is a free Zmodule with basis the fundamental dominant weights ̟ 1 , . . . , ̟ n which are defined by (̟ i , α ∨ j ) = δ i,j . Here, for a root α ∈ Φ, α ∨ ∈ X ∨ is the corresponding coroot. Let ρ = ̟ 1 + · · · + ̟ n be the Weyl weight, and let α 0 be the maximal short root in Φ + . Let h = (ρ, α ∨ 0 ) + 1 be the Coxeter number of Φ. For a positive integer r, X + r is the set of dominant weights λ which satisfy (λ, α ∨ ) < p r for all α ∈ Π. The elements of X + 1 are the restricted dominant weights. Let X reg be the set of regular weights, i. e., λ ∈ X reg if and only if (λ + ρ, α ∨ ) ≡ 0 mod p for all roots α. Then X + reg := X + ∩ X reg is the set of regular dominant weights. We have X + reg = ∞ if and only if p ≥ h. The set X + is a poset, putting λ ≤ µ if and only if µ − λ ∈ NΦ + . Let C be the category of rational G-modules. For λ ∈ X + , let L(λ) (resp., ∆(λ), ∇(λ)) be the irreducible (standard, costandard) rational G-module of high weight λ. Thus, ∆(λ) (resp., ∇(λ)) has head (resp., socle) isomorphic to L(λ). The modules ∆(λ) (resp., ∇(λ)) are obtained by reduction mod p using a minimal (resp., maximal) lattice in the complex irreducible module of high weight λ for 1 In particular, [1, Cor. 3.7] would imply that if p ≥ 2h − 2, then every ∆(λ) has a ∆ red ′ -filtration, for each λ ∈ X + . However, as pointed out to us by Andersen (in a private communication), the proof of [1, Lemma 3.3] does not hold, and so [1, Cor. 3.7] remains unproved.
the complex simple Lie algebra associated to G. Thus, at the character level, ch ∆(λ) = ch ∇(λ), and these characters are given by Weyl's character formula.
The category C is a highest weight category in the sense of [3] . This means the following conditions hold:
, and if L(µ) is a composition factor of ∇(λ) with µ = λ, then µ < λ.
(HWC2) For λ ∈ X + , let I(λ) be the injective envelope in C of L(λ). Then I(λ) has an increasing filtration
The category C admits a strong duality D (in the sense of [4] ) and we have D∇(λ) = ∆(λ). However, C does not have enough projective objects.
Let F : G → G be the Frobenius morphism defined by the F p -structure on G. If V ∈ C and r is a positive integer, V (r) denotes the rational G-module obtained from V by making g ∈ G act on V by F r (g). In this paper, we only consider the case of r = 1.
Let E := R ⊗ Z X be endowed with a positive definite, symmetric bilinear form ( , ), invariant under the Weyl group W of Φ. We identify X ∨ as a subgroup of E, so that α ∨ = 2 (α,α) α and the pairing X ×X ∨ → Z is compatible with the inner product. The affine Weyl group W p = pZΦ ⋊ W is the group of affine transformations on E generated by W and the normal subgroup consisting of translations by elements in pZΦ. If α ∈ Φ and r ∈ Z, define s α,r :
In this paper, we use the "dot" action of W p on E, given by setting w · x = w(x + ρ) − ρ. Let C + ⊂ E be the dominant fundamental alcove; it consists of all x ∈ E satisfying the inequalities 0 < (x + ρ, α ∨ i ), i = 1, · · · , n, and (x + ρ, α ∨ 0 ) < p. Let w 0 ∈ W be the longest word, and put C − = w 0 · C + , the anti-dominant alcove. The closures C + and C − are fundamental domains for the action of W p on E. The subsets w · C + ⊂ E, w ∈ W p , are the alcoves for
A regular dominant weight λ has the form λ = w · λ − , where λ − ∈ C − Z . We say that λ satisfies the Lusztig character formula (LCF) provided that the formal character of L(λ) is given by
where P y,w is the Kazhdan-Lusztig polynomial associated to the pair (y, w). Let U ζ be the quantum enveloping algebra (Lusztig form) associated to G over a pth root of unity. We will assume that the prime p is odd, and, if G has type G 2 , then p > 3.
We fix a p-modular system (K, O, k). Thus, O is a discrete valuation ring with maximal ideal m = (π), fraction field K of characteristic 0, and residue field k = O/m. We can assume that O has a primitive pth root of unity ζ. (See [6, Rem. 1.4] and the discussion there.) Choose an O-form U ζ of U ζ . Put U ζ = U ζ /π U ζ , and let I be the ideal in U ζ generated by the images of the elements
in the usual notation. By [10, (8.15 
the distribution algebra of G over k.
The category of finite dimensional integrable, type 1 U ζ -modules will be denoted by C ζ . It is a highest weight category with irreducible (resp. standard, costandard) modules L ζ (λ) (resp., ∆ ζ (λ), ∇ ζ (λ)), λ ∈ X + . For µ ∈ X + , ch ∆ ζ (µ) = ch ∇ ζ (µ) = ch ∆(µ). We will always assume that given λ ∈ X + reg , ch L ζ (λ) = χ KL (λ). This assumption is always valid if p > h, though in many cases this restriction is too severe; see [13] for the precise result.
As discussed in [6, §1.5], for λ ∈ X + , the module L ζ (λ) has a minimal (resp., maximal) admissible lattice L min (λ) (resp., L max (λ) for U ζ which, upon reduction to k, defines a rational G-module ∆ red (λ) (resp., ∇ red (λ)). We recall that these modules have, according to Lin [9] , an alternative description as
) can be explicitly calculated; see, e. g., [6, (1.4.2) ]. In particular, we will often use without mention the fact that, given λ, µ ∈ X
We record the following result, which we have largely already discussed. See [9] [6, §1.5].
Lemma 2.1. Let λ ∈ X + . (1) ∆ red (λ) (resp., ∇ red (λ)) has irreducible head (resp., socle) L(λ). All other composition factors L(µ) of ∆ red (λ) (resp., ∇ red (λ)) satisfy µ < λ. (2) Assume that p > h and that the LCF holds for all regular weights in X
. Here λ = λ 0 + pλ 1 as above.
For a regular dominant weight λ, write λ = w · λ − , where λ − ∈ C − Z . As in the introduction, define ℓ(λ) = ℓ(w). We say that L(λ) has even (resp., odd) parity provided that ℓ(λ) ≡ 0 (resp., ℓ(λ) ≡ 0) mod 2. Let X + reg, even (resp., X + reg,odd ) be set of regular dominant weights λ such that ℓ(λ) ≡ 0 (resp., ℓ(λ) ≡ 0) mod 2.
The highest weight categories
Let C reg even (resp., C reg odd ) be the full subcategory of C generated by the irreducible modules L(λ) having even (resp., odd) parity. For example, a rational G-module belongs to C reg even if the composition factors of any finite dimensional submodule have even parity.
2 More generally, [9] describes, in the same spirit, the rational G-modules obtained from the irreducible modules for quantum enveloping algebras at a p r th root of unity by a reduction mod p process. The result we have quoted is merely the r = 1 case of this result (which is sufficient for the applications in [6] ). We do not investigate here how the results of this paper might generalize to the r > 1 case.
Lemma 3.1. Assume that p > h and that the LCF holds for all regular weights in X + 1 . Let λ, µ ∈ X + reg, even , and let τ ∈ X + . Then: Proof. We only prove the ∆ red -statements for the poset X + reg, even . Writing λ = λ 0 + pλ 1 with λ 0 ∈ X + 1 and λ 1 ∈ X + , we have that
(1) . Thus, if L(τ ) is a composition factor of ∆ red (λ), then τ = λ 0 +pσ, where L(σ) is a composition factor of ∆(λ 1 ). Hence, σ = λ 1 − δ, where δ ∈ ZΦ. Therefore, τ = λ − pδ, so τ and λ have the same parity. This proves (1) .
It is easy to see that (3) follows from (2). So suppose Ext
, L(µ)) = 0. Since λ and µ have the same parity, (2.2) implies that dim Ext
Therefore, forming the exact sequence 0
, it follows that if this Hom-space is non-zero, then λ < µ, as required. Now we can prove the main result of this section. reg, even , the corresponding standard (resp., costandard) object is ∆ red (λ) (resp., ∇ red (λ)). Similarly, C reg odd is a highest weight category with weight poset X + reg,odd . For λ ∈ X + reg,odd , the corresponding standard (resp., costandard) object is ∆ red (λ) (resp., ∇ red (λ).
Proof. We will prove only the assertion for C reg even . We follow the definition of highest weight categories as given in [3] . By Lemma 3.1(1), each ∇ red (λ), λ ∈ X + reg, even , belongs to C reg even . In addition, by Lemma 2.1(2), ∇ red (λ) has socle isomorphic to L(λ), while the other composition factors L(µ) satisfy µ < λ (and, of course, µ ∈ X + reg, even ). Therefore, it remains to show that, given λ ∈ X + reg, even , L(λ) has injective envelope in C reg even which has an ∇ red -filtration with bottom section ∇ red (λ) and higher sections ∇ red (µ) for µ > λ. Consider the set of dominant weights µ ∈ X + reg, even which satisfy µ ≥ λ. Enumerate this set as λ 0 = λ, λ 1 , λ 2 , . . . so that λ ≤ µ < τ , then µ = λ i and τ = λ j for i < j. Let Γ i = {λ 0 , . . . , λ i } for each i ≥ 0.
We construct a sequence I 0 (λ) ⊆ I(λ 1 ) ⊆ · · · of submodules of C reg even with the following properties:
is the required injective envelope of L(λ) in C reg even . To begin, let I 0 (λ) = ∇ red (λ). Then Lemma 3.1(1), (2) implies that (i)-(iii) hold, while we can take I 0 (λ) = L min (λ) to satisfy (iv). Suppose then that I j (λ) has been constructed satisfying properties (i)-(iv). Choose a basis ξ 1 , . . . , ξ n of Ext 1 G (∇ red (λ j+1 ), I j (λ)). Of course, n < ∞. Define I j+1 (λ) by means of an extension
with the following property: if
The map
) is a torsion module by [6, (1.4.4)] and the fact that λ j+1 and the high weights of the composition factors of I j (λ) K have even parity. The image of α is the submodule of all elements killed by π, which has the same dimension as Im β. So, we have
) by the injectivity of (3.2). Using (2.2), we obtain by the long exact sequence of cohomology that Ext
(To see the equality of dimension, first observe that rad ∆ red (λ j+1 ) and ∇ red (λ j+1 )/L(λ j+1 ) have the same composition factors. Then use condition (iii), which implies that the functor Hom G (−, I j (λ)) is exact on the subcategory of Gmodules having composition factors L(λ i ), i = 0, . . . , j.)
Thus, the inequalities in (3.3) are all equalities. In particular, we see that the map (3.2) is an isomorphism. Now diagram chasing easily implies that I j+1 (λ) satisfies conditions (i)-(iii). For example, the long exact sequence of cohomology applied to the exact sequence (3.1), together with Lemma 3.1, gives an exact sequence
which also equals dim Ext
. Now the isomorphism (3.2) implies that ǫ is an isomorphism. Hence, we conclude that Ext 1 G (L(λ j+1 ), I j+1 (λ)) = 0. Finally, we have also shown that β is surjective, so that I j+1 (λ) lifts to a lattice I j+1 (λ) for U ζ . Thus, condition (iv) also holds for I j+1 (λ).
Remark 3.3. It is interesting to compare the above result to the discussion in [11, §5] . Let Γ be a finite ideal in X red (λ), λ ∈ Γ, satisfy the conditions of [11, Th. 5.9] . Therefore, there exists a strict full subcategory C Γ of D and a highest weight category C Γ (having weight poset Γ) with the following properties: C Γ is the exact full subcategory of C Γ consisting of objects with a ∆-filtration. Each ∆ red (λ) ∈ C Γ identifies in C Γ with the standard module indexed by λ ∈ Γ. For λ ∈ Γ, the projective indecomposable cover P Γ (λ) of L(λ) in C Γ is obtained by a recursive construction exactly dual to the construction of the I j (λ) in the proof of the above theorem. Letting T = ⊕ λ∈Γ P Γ (λ), we can take C Γ = (End C (T )-mod)
op . However, in the abstract setting of [11] , there is no guarantee that the constructed highest weight category C Γ will fully embed into the original category D (or, in the present case, C). The above theorem shows that this embedding does happen in the case of C reg even .
Applications
Maintain the notation of the previous section. Let i + * : C reg even → C (resp., i − * : C reg odd → C) denote the canonical full embedding of categories. The functor i + * is exact, and admits left (resp., right) exact right (resp., left) adjoint i We will make use of the following well-known criterion, first proved independently in the context of rational G-modules by S. Donkin and L. Scott. Lemma 4.2. Let C ′ be a highest weight category with finite poset Λ. Let M ∈ C ′ . Then M has a ∆-filtration (resp., ∇-filtration) if and only if Ext
For λ ∈ X + reg , define rad red (λ) by means of the following exact sequence
Also, define soc red (λ) by the following exact sequence 
